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Abstract
In this note we show that every 2-local automorphism of a digraph algebra A is an auto-
morphism if in additionA is symmetric. Moreover, we produce an example to clarify that the
conclusion may not be true if A has not the extra condition of symmetry. By this means, we
give a negative answer to the question about whether every 2-local automorphism of a digraph
algebra is automatically an automorphism.
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1. Introduction
An algebra A over C, the field of complex numbers, is called a digraph algebra
of order n if there is a set {Eij }i,j of n× n matrix units, which contains all diagonal
matrix units {Eii}ni=1 and is closed under multiplication, whose linear span is equal
toA. These algebras, also referred to as finite dimensional CSL algebras, have been
studied over the last 20 years [1–5,9] and interesting behavior has been observed.
In [5], Gilfeather and Moore characterized automorphisms of digraph algebras. Crist
[2] studied local derivations and in [1] described local automorphisms. In the present
paper, we will study 2-local automorphisms of digraph algebras.
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Motivated by the concept of local maps introduced by Kadison [6] and Larson
and Sourour [7], ˘Semrl [10] introduced the concept of 2-local automorphisms. Let
A be an algebra. A mapping φ of A into itself is called a 2-local automorphism if
for every pair A,B ∈A there exists an algebra automorphism φA,B of A such that
φ(A) = φA,B(B) and φ(B) = φA,B(B). In the same paper, ˘Semrl proved that if H
is an infinite-dimensional separable Hilbert space, then every 2-local automorphism
of B(H) is an automorphism. In [8], Molnár extended this result to the Banach space
with a Schauder basis. In [1], Crist asked whether this result is still true for digraph
algebras. Our beginning motivation is to answer this question. In Section 3, we will
give a negative answer by producing an example.
A question naturally raised: What digraph algebras can ensure that every 2-local
automorphism is an automorphism? In Section 2, we prove that every symmetric
digraph algebra is this case. Let A be a digraph algebra. By A we denote the edge
set of A, that is, A = {(i, j) : Eij ∈A}. A is called symmetric if (i, j) ∈ A
implies (j, i) ∈ A.
2. 2-Local isomorphisms of symmetric digraph algebras
By the definition, any digraph algebra of order n is isomorphic to a digraph alge-
bra in Mn(C), the algebra of all n× n complex matrices. So we can and do identify
every digraph algebra of order n with a subalgebra of Mn(C).
In this section, we will prove that every 2-local automorphism of a symmetric di-
graph algebra is an automorphism. We start by recalling some elementary properties
concerning 2-local automorphisms which can be found in [1].
Lemma 2.1. Let A be an algebra with the identity I and suppose φ is a 2-local
automorphism of A. Let A,B ∈A and λ ∈ C. Then
(1) φ(I ) = I,
(2) φ(A2) = φ(A)2,
(3) φ(λA) = λφ(A),
(4) AB = 0 if and only if φ(A)φ(B) = 0,
(5) φ(I + A) = I + φ(A).
Proposition 2.2. Suppose that α is an automorphism of a digraph algebraA. Then
there are an invertible matrix T ∈ Mn(C) and an automorphism β of A which is
Schur multiplication by a fixed matrix whose diagonal entries are all equal to 1 such
that α(A) = Tβ(A)T −1 for all A ∈A.
Proof. By [5, Theorem 2.1], there is an automorphism β of A with β(Eii) = Eii
for all 1  i  n and an invertible matrix T ∈ Mn(C) such that α(A) = Tβ(A)T −1
for all A ∈A. Now we only need to show that β is a Schur automorphism of A.
J. Xie, F. Lu / Linear Algebra and its Applications 378 (2004) 93–98 95
Let (i, j) ∈ A be arbitrary. Since
β(Eij ) = β(EiiEijEjj ) = β(Eii)β(Eij )β(Ejj ) = Eiiβ(Eij )Ejj
it follows that there is a scalar sij ∈ C such that β(Eij ) = sijEij . Therefore, β is
Schur multiplication by the matrix [sij ]n×n whose diagonal entries are all equal to 1.

We now state and prove our theorem in this section.
Theorem 2.3. LetA be a symmetric digraph algebra and φ :A→A be a 2-local
automorphism. Then φ is automatically an automorphism.
Proof. We borrow the idea of Molnár [8]. First, we see from Proposition 2.2 that
for any A and B in A we have that
tr(AB) = tr(φ(A)φ(B)), (2.1)
where tr(·) stands for the trace of a matrix.
Claim 1. {φ(Eij ): (i, j) ∈ A} is a set of linearly independent vectors in A.
Suppose∑
(i,j)∈A
λijφ(Eij ) = 0, λij ∈ C.
Let (k, l) ∈ A. Then (l, k) ∈ A. Therefore, we have that∑
(i,j)∈A
λijφ(Eij )φ(Elk) = 0.
Making use of Eq. (2.1), we have that∑
(i,j)∈A
λij tr(EijElk) = 0
which implies that λkl = 0. Since (k, l) ∈ A is arbitrary, {φ(Eij ): (i, j) ∈ A}
are independent.
Claim 2. φ is linear.
By Lemma 2.1(3), we need to verify the additivity of φ. Let A and B be inA and
suppose that φ(A) = [aij ], φ(B) = [bij ], and φ(A+ B) = [cij ]. Fix (k, l) ∈ A.
By Claim 1, {φ(Eij ): (i, j) ∈ A} spanA. So there are C1, C2, . . . , Cm ∈A such
that
∑m
i=1 φ(Ci) = Elk. Thus from Eq. (2.1), we have that
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ckl = tr(φ(A+ B)Elk) =
m∑
i=1
tr(φ(A+ B)φ(Ci))
=
m∑
i=1
tr((A+ B)Ci) =
m∑
i=1
tr(ACi)+
m∑
i=1
tr(BCi)
=
m∑
i=1
tr(φ(A)φ(Ci))+
m∑
i=1
tr(φ(B)φ(Ci))
= tr(φ(A)Elk)+ tr(φ(B)Elk) = akl + bkl.
Since (l, k) ∈ A is arbitrary, it follows that φ(A+ B) = φ(A)+ φ(B).
Claim 3. φ is bijective.
By Claim 1, the range of φ spansA. Hence by Claim 2, φ is surjective and hence
φ is injective.
Claim 4. φ is multiplicative.
Linearizing the equation φ(A2) = φ(A)2, we get that
φ(AB + BA) = φ(A)φ(B)+ φ(B)φ(A), A,B ∈A. (2.2)
First we show, distinguishing four cases, for any (i, j), (k, l) ∈ A,
φ(EijEkl) = φ(Eij )φ(Ekl). (2.3)
Case 1. j /= k. Then EijEkl = 0. Hence by Lemma 2.1(4), φ(Eij )φ(Ekl) = 0. So,
Eq. (2.3) holds true.
Case 2. j = k and i /= l. Then EjlEij = 0 and hence φ(Ejl)φ(Eij ) = 0 by Lemma
2.1(4). Thus, by the Eq. (2.2), we see the equations
φ(EijEjl)= φ(EijEjl + EjlEij )
= φ(Eij )φ(Ejl)+ φ(Ejl)φ(Eij )
= φ(Eij )φ(Ejl)
hold true.
Case 3. j = k, i = l and i /= j . Then making use of Eq. (2.2) we have that
φ(Eii)+ φ(Ejj )= φ(Eii + Ejj )
= φ(EijEji + EjiEij )
= φ(Eij )φ(Eji)+ φ(Eji)φ(Eij ).
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Therefore
(φ(Eii)+ φ(Ejj ))φ(Eii) = (φ(Eij )φ(Eji)+ φ(Eji)φ(Eij ))φ(Eii).
Hence by Lemma 2.1(2) and Cases 1 and 2, we get that
φ(Eii) = φ(Eij )φ(Eji)φ(Eii) = φ(Eij )φ(Eji).
Consequently
φ(EijEji) = φ(Eii) = φ(Eij )φ(Eji).
Case 4. i = j = k = l. In this case, it is clear that Eq. (2.3) holds.
Now let A =∑ij aijEij and B =∑kl bklEkl be in A. We have to show that
φ(AB) = φ(A)φ(B). Note that AB =∑ij l aij bjlEil . Making use of Eq. (2.3) we
have that
φ(A)φ(B)=
(∑
ij
aijφ(Eij )
)(∑
kl
bklφ(Ekl)
)
=
∑
ij
∑
kl
aij bklφ(Eij )φ(Ekl) =
∑
ij
∑
kl
aij bklφ(EijEkl)
=
∑
ij l
aij bjlφ(Eil) = φ
(∑
ij l
aij bjlEil
)
= φ(AB). 
Corollary 2.4. Every 2-local automorphism of Mn(C) is an automorphism.
3. An example
In [1], Crist posed a question: Is every 2-local automorphism of digraph alge-
bras an automorphism? In this section, we will negatively answer this question by
presenting an example of nontrivial 2-local isomorphism of digraph algebras.
There are few examples in the literature of nontrivial 2-local isomorphism of alge-
bras. Let A = {I, E12, E13} ⊂ M3(C) and θ(a11I + a12E12 + a13E13) = a11I +
a312E12 + a313E13. In [1], Crist asserted that θ is a nontrivial 2-local isomorphism. But
such θ is obviously not homogeneous and hence must be not a 2-local isomorphism
by Lemma 2.1(3).
Example 3.1. Denote E ⊂T2 to be the set of all upper triangular 2 × 2 matrices
with equal diagonal entries and F =T2\E. Define φ :T2 →T2 by φ(A) = A
whenever A ∈F and
φ
([
λ µ
0 λ
])
=
[
λ 2µ
0 λ
]
for every pair of scalars λ,µ. Then φ is a 2-local automorphism of T2 but not an
automorphism.
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Proof. It is evident that φ is not additive. So φ is not an automorphism. Now we
verify that φ is a 2-local automorphism. Let A,B ∈T2. We want to find an auto-
morphism α of T2 such that α(A) = φ(A) and α(B) = φ(B). Note that for any
invertible matrix T ∈T2 the map α(S) = T ST −1 is an automorphism of T2. If
A,B ∈F, we can choose T = I . If A,B ∈ E, we can choose T = diag(2, 1). So,
all we have to do in order to show that φ is a 2-local automorphism is to verify that
for every pair of matrices
A =
[
a b
0 c
]
and B =
[
λ µ
0 λ
]
with a /= c there exists an invertible T ∈T2 such that T AT −1 = A and T BT −1 =
C, where
C =
[
λ 2µ
0 λ
]
.
The invertible matrix
T =
[
2(a − c) b
0 a − c
]
= (a − 2c)I + A
has the required properties. Indeed, it commutes with A and T E12 = 2E12T . 
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